
6. Optimisation

It is not enough to do your best; you must know what to do, and then do your
best.
–W. Edwards Deming

In applied mathematics we are often not interested in all solutions of a problem but in
the optimal solution. Optimisation therefore permeates many areas of mathematics and
science. In this section we will look at a few examples of optimisation problems and the
numerical methods that can be used to solve them.

While working through this chapter on finding optima you will often be reminded of your
work in ?@sec-roots1 and Chapter 4 on finding roots. So I hope this chapter will also
consolidate your understanding of those earlier chapters.

6.1. Single Variable Optimisation

Let us start with solving optimisation problems where the quantity to be optimised is a
function of a single variable. We’ll later optimise over multiple variables in Section 6.2.

Exercise 6.1. � Here is an atypically easy optimisation problem that you can quickly do
by hand:

A piece of cardboard measuring 20cm by 20cm is to be cut so that it can be folded into a
box without a lid (see Figure 6.1). We want to find the size of the cut, 𝑥, that maximises
the volume of the box.

1. Write a function 𝑉 (𝑥)for the volume of the box resulting from a cut of size 𝑥. What
is the domain of your function?

2. We know that we want to maximise this function so go through the full Calculus
exercise to find the maximum:

• take the derivative 𝑉 ′(𝑥),

• set it to zero to find the critical points,
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6. Optimisation

• determine the critical point that gives the maximum volume.

Check that your answer is 10/3.

Figure 6.1.: Folds to make a cardboard box

An optimisation problem is approached by first writing the quantity you want to optimise
as a function of the parameters of the model. In the previous exercise that was the
function 𝑉 (𝑥) that gives the volume of the box as a function of the parameter 𝑥, which
was the length of the cut. That function then needs to be maximised (or minimised,
depending on what is optimal).

Clearly any method for finding the minimum of a function can be used to find the
maximum of a function because the maximum of a function 𝑓 is exactly at the same
point as the minimum of the function −𝑓 . For concreteness we will usually default to
methods for finding the minimum of a function.

In the above example it was easy to find the value of 𝑥 that maximised the function
analytically However, in many cases it is not so easy. The equation for the parameters
that arises from setting the derivatives to zero is usually not solvable analytically. In
these cases we need to use numerical methods to find the extremum.
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6.1. Single Variable Optimisation

6.1.1. Brute Force Search

Exercise 6.2. � Consider the function

𝑓(𝑥) = −𝑒−𝑥2 − sin(𝑥2)

on the domain 0 ≤ 𝑥 ≤ 1.5. The minimum of this function on this domain can not be
determined analytically.

Use Python to make a plot of this function over this domain. You should get something
similar to the graph shown in Figure 6.2. What is the 𝑥 that minimises the function
on this domain? What is the 𝑥 that maximises the function on this domain? You can
simply read off the approximate values from the graph. But this required you to know
the function value everywhere in the interval.
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Figure 6.2.: Graph of the function 𝑓(𝑥) = −𝑒−𝑥2 − sin(𝑥2).

You can also find the minimum directly in Python: simply evaluate the function at many
points and choose the smallest value:

import numpy as np

f = lambda x: -np.exp(-x**2) - np.sin(x**2)
x = np.linspace(0,1.5,1000)
y = f(x)
print(x[np.argmin(y)])
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6. Optimisation

Check that this agrees with what you obtained visually. How many of the digits returned
by the above code should you believe?

This is called a brute force search. This method is not very efficient. If evaluating the
function is expensive, this is not a good approach. Just think about how often you would
need to evaluate the function for the above approach to give the answer to 12 decimal
places. As in the case of root finding we want a method that only requires a small number
of function evaluations.

The advantage of this brute force method is that it is guaranteed to find the global
minimum in the interval. Other, more efficient methods can get stuck in local minima.

6.1.2. Golden Section Search

Here is an idea for a method that is similar to the bisection method for root finding.

In the bisection method we needed a starting interval so that the function values had
opposite signs at the endpoints. You were therefore guaranteed that there would be at
least one root in that interval. Then you chose a point in the middle of the interval and
by looking at the function value at that new point were able to choose an appropriate
smaller interval that was still guaranteed to contain a root. By repeating this you honed
in on the root.

Unfortunately by just looking at the function values at two points there is no way of
knowing whether there is a minimum between them. However, if you were to look at
the function values at three points and found that the value at the middle point was
less than the values at the endpoints then you would know that there was a minimum
between the endpoints.

Exercise 6.3. � Make a sketch of a function and choose three points on the function
such that the middle point is lower than the two outer points. Use this to illustrate that
there must be at least a local minimum between the two outer points.
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6.1. Single Variable Optimisation

The idea now is to choose a new point between the two outer points, compare the function
value there to those at the previous three points, and then choose a new triplet of points
that is guaranteed to contain a minimum. By repeating this process you would hone in
on the minimum.

Exercise 6.4. � � You want to find a minimum of a continuous function 𝑓 using the
golden section search method. You start with the three points 𝑎 = 1, 𝑐 = 3, 𝑏 = 5 where
the function takes the values 𝑓(1) = 5, 𝑓(3) = 2, 𝑓(5) = 3. For the next step you decided
to add the point 𝑑 = 2.5 and find that 𝑓(2.5) = 1. Which three points should you choose
to continue the search?

Exercise 6.5. � Complete the following function to implement this method. If you have
done the previous two exercises you will have a good idea of what to do and this is mostly
a coding task. So it would be alright to delegate this to just the group members who
enjoy coding the most.

def golden_section(f, a, b, c, tol = 1e-12):
"""
Find an approximation of a local minimum of a function f within the
interval [a, b] using a bracketing method.

The function narrows down the interval [a, b] by maintaining a
triplet (a, c, b) where f(c) < f(a) and f(c) < f(b).
The process iteratively updates the triplet to home in on the minimum,
stopping when the interval is smaller than `tol`.

Parameters:
f (function): A function to minimise.
a, b (float): The initial interval bounds where the minimum is to be

searched. It is assumed that a < b.
c (float): An initial point within the interval (a, b) where

f(c) < f(a) and f(c) < f(b).
tol (float): The tolerance for the convergence of the algorithm.

The function stops when b - a < tol.

Returns:
float: An approximation of a point where f achieves a local minimum.
"""
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6. Optimisation

# Check that the point are ordered a < c < b

# Check that the function value at `c` is lower than at both `a` and `b`

# Loop until you have an interval smaller than the tolerance
while b-a >= tol:

# Choose a new point `d` between `a` and `b`
# Think about what is the most efficient choice

# Compare f(d) with f(c) and use the result
# to choose a new triplet `a`, `b`, `c` in such a way that
# b-a has decreased but f(c) is still lower than both f(a) and f(b)

# While debugging, include a print statement to let you know what
# is happening within your loop

return c

Then try out your code on the function

𝑓(𝑥) = −𝑒−𝑥2 − sin(𝑥2) (6.1)

from Figure 6.2 to see if it can find the local minimum near 𝑥 ≈ 1.14.

The reason the method is called the golden section search is that, by a clever choice of
the interior point, the size of the interval is reduced by the golden ratio at each step.
This is the ratio that satisfies the equation

longer subinterval
shorter subinterval

= whole interval
longer subinterval

= 𝜙 ≈ 1.618 (6.2)

This is the second time the golden ratio has shown up unexpectedly in this module (see
Section 4.3.4). One simply has to love Maths.

So the golden section method converges a little slower than bisection method, because
in the latter the interval is reduced by a factor of 2 at each step. And both methods
converge only linearly.

Besides the slow convergence, the main shortcoming of the goldens section search method
is that it works only for functions of a single argument.
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6.1. Single Variable Optimisation

The intuition behind more efficient numerical optimisation schemes is typically to visualize
the function as representing a landscape on which you are trying to walk or jump to the
highest or lowest point. You however can only sense your immediate neighbourhood and
need to use that information to make decisions about where to jump or walk to next.

Exercise 6.6. � If you were blindfolded and standing on a hillside, could you find the
top of the hill? (assume no trees and no cliffs …this is not supposed to be dangerous)
How would you do it? Explain your technique clearly.

Exercise 6.7. � If you were blindfolded and standing on a crater on the moon could you
find the lowest point? How would you do it? Remember that you can hop as far as you
like … because gravity … but sometimes that’s not a great thing because you could hop
too far.

Figure 6.3.: Intuition behind numerical optimisation (Visualised by Gemini)
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6. Optimisation

6.1.3. Gradient Descent

Let us explore the intuitive method of simply taking steps in the downhill direction. That
should eventually bring us to a local minimum. The problem is only to know how to
choose the step size and the direction. The gradient descent method is a simple and
effective way to do this. By making the step size proportional to the negative gradient
of the function we are guaranteed to be moving in the right direction and we are also
automatically reducing the step size as we get closer to the minimum where the gradient
gets smaller.

Let 𝑓(𝑥) be the objective function which you are seeking to minimise.

• Find the derivative of your objective function, 𝑓 ′(𝑥).

• Pick a starting point, 𝑥0.

• Pick a small control parameter, 𝛼 (in machine learning this parameter is called the
“learning rate” for the gradient descent algorithm).

• Use the iteration 𝑥𝑛+1 = 𝑥𝑛 − 𝛼𝑓 ′(𝑥𝑛).

• Iterate (decide on a good stopping rule).

Exercise 6.8. � What is the Gradient Descent algorithm doing geometrically? Draw a
picture and be prepared to explain to your peers. Discuss what would be a good stopping
rule.

Exercise 6.9. � Write code to implement the 1D gradient descent algorithm. Note
that gradient descent is a fixed point iteration method. So you can adapt the code for
Newton’s method from Exercise 4.7. Just be sure to change the iteration formula.

def gradient_descent_1d(df, x0, alpha,
tol = 1e-12, max_iter=1000):

"""
Find an approximation of a local minimum of a function f
using the gradient descent method.

The function iteratively updates the current guess `x0`
by stepping in the direction of the negative gradient
of `f` at `x0` multiplied by `alpha`.
The process stops when the step taken is smaller than `tol`.
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6.1. Single Variable Optimisation

Parameters:
df (function): The derivative of the function you

want to minimise.
x0 (float): The initial guess for the minimum.
alpha (float): The learning rate multiplies the

gradient to give the step size.
tol (float): The tolerance for the convergence.
max_iter (int): The maximum number of iterations to perform.

Returns:
float: An approximation of a point where f achieves

a local minimum.
"""
# Initialize `x` with the starting value

# Loop for a maximum of `max_iter` iterations

# Calculate the next approximation `x_new`

# If the step taken was smaller than `tol` then
# return `x_new`

# Update `x = x_new`

# If the loop finishes without returning then
# return message that method did not converge

Use your function to solve Exercise 6.1. Compare your answer to the analytic solution.
Also test your function to find the minimum of the function in Figure 6.2

Exercise 6.10. � � Use your gradient descent function to find the minimum of the
function

𝑓(𝑥) = (sin(4𝑥) + 1)((𝑥 − 5)2 − 25)

on the domain 0 ≤ 𝑥 ≤ 8. Figure Figure 6.4 shows a graph of the function with its
multiple local minima.

Check that the derivative is

𝑓 ′(𝑥) = 4 cos(4𝑥)((𝑥 − 5)2 − 25) + 2(𝑥 − 5)(sin(4𝑥) + 1)
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Figure 6.4.: Graph of the function 𝑓(𝑥) = (sin(4𝑥) + 1)((𝑥 − 5)2 − 25).

If you choose 𝑥0 = 3 as your starting point and a learning rate of 0.001, what ap-
proximation do you get for 𝑥 at the minimum? Did gradient descent find the global
minimum?

Exercise 6.11. � � Experiment with different values of the learning rate for the previous
question, assuming that you can only specify it with up to 3 digits after the decimal
point. Which choice of learning rate requires the smallest number of steps to reach the
required tolerance of 10−12?

Exercise 6.12. � You will now explore how the error decreases as the number of gradient
descent steps increases.

1. Write a Python function gradient_descent_with_error_tracking() that returns
a list of absolute errors between the iterates and the exact minimum. You can
adapt your newton_with_error_tracking() function from Exercise 4.14.

2. Use this to print the errors when applied to the function 𝑓(𝑥) = cos(𝑥) with a
starting value of 𝑥0 = 3, a learning rate of 𝛼 = 0.1 and a tolerance of 10−12. Make
sure you use the correct exact minimum in your error calculations. namely the one
that you expect gradient descent to find.
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6.1. Single Variable Optimisation

3. Use your plot_error_progression() function that we wrote in Example 3.2 to
make a plot of the log of the absolute error at iteration 𝑛 + 1 against the log
of the absolute error at iteration 𝑛. You should observe that the points line up
approximately along a straight line.

4. � Add a print statement to you plot_error_progression() function that prints
out the slope of the straight line fitted to the points, similar to how you did that in
Exercise 4.18.

5. What does this slope tell you about how the error 𝜖𝑛+1 is related to the error at
the previous iteration 𝜖𝑛?

𝜖𝑛+1 ≈ ???𝜖???
𝑛

6. Experiment with other starting points, other learning rates, other functions.

6.1.4. Order of Convergence of Gradient Descent

You will by now have observed in Exercise 6.12 that the error progression plots for
gradient descent show a straight line with slope approximately equal to 1 in the log-log
plot of 𝐸𝑛+1 against 𝐸𝑛. This means that gradient descent has linear convergence. In
this section we consolidate your observations theoretically. As in Chapter 4, this section
is presented as a lecture rather than containing further explorations.

Recall from Definition 4.1 that a convergent sequence {𝑥𝑛} has order of convergence
𝛼 if there exists a constant 𝜆 > 0 such that

lim
𝑛→∞

𝐸𝑛+1
𝐸𝛼

𝑛
= 𝜆,

where 𝐸𝑛 = |𝑥𝑛 − 𝑝| is the absolute error. Convergence with 𝛼 = 1 is called linear and
requires 0 < 𝜆 < 1; convergence with 𝛼 = 2 is called quadratic.

The gradient descent iteration for minimising a function 𝑓(𝑥) is

𝑥𝑛+1 = 𝑥𝑛 − 𝛼𝑓 ′(𝑥𝑛).

This is a fixed-point iteration 𝑥𝑛+1 = 𝑔(𝑥𝑛) with

𝑔(𝑥) = 𝑥 − 𝛼𝑓 ′(𝑥). (6.3)

The fixed points of 𝑔 are the stationary points of 𝑓 , i.e., the points 𝑝 where 𝑓 ′(𝑝) = 0.

We can now apply the theory of the order of convergence of fixed-point iteration from
Chapter 4. We compute

𝑔′(𝑥) = 1 − 𝛼𝑓″(𝑥) ⇒ 𝑔′(𝑝) = 1 − 𝛼𝑓″(𝑝). (6.4)
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6. Optimisation

If 𝑝 is a local minimum then 𝑓″(𝑝) > 0. In general 𝑔′(𝑝) ≠ 0, so it follows from
Theorem 4.1 (with 𝑚 = 1, i.e., using Eq. 4.5) that the gradient descent method produces
a linearly convergent sequence with

lim
𝑛→∞

𝐸𝑛+1
𝐸𝑛

= |1 − 𝛼𝑓″(𝑝)|. (6.5)

For this to converge at all we need |1 − 𝛼𝑓″(𝑝)| < 1, which requires 0 < 𝛼 < 2
𝑓″(𝑝) . This

explains why the learning rate 𝛼 must not be too large — if it is, the method diverges.

The convergence is fastest when |1 − 𝛼𝑓″(𝑝)| is as small as possible, ideally zero. This
happens when 𝛼 = 1

𝑓″(𝑝) , corresponding to the “optimal” learning rate. However, we
usually do not know 𝑓″(𝑝) in advance (since we do not know 𝑝), so we cannot simply
choose this optimal value.

Notice that when 𝛼 = 1
𝑓″(𝑝) we have 𝑔′(𝑝) = 0. In this case, the linear term vanishes and

we can apply Theorem 4.1 to determine whether higher-order convergence is achieved.
We compute

𝑔″(𝑥) = −𝛼𝑓‴(𝑥) ⇒ 𝑔″(𝑝) = −𝛼𝑓‴(𝑝).

If 𝑓‴(𝑝) ≠ 0, then 𝑔″(𝑝) ≠ 0 and the convergence is quadratic. This mirrors the
situation with Newton’s method for root-finding, where 𝑔′(𝑝) = 0 also leads to quadratic
convergence.

Note the interesting parallel: Newton’s method applied to 𝑓 ′(𝑥) = 0 gives the iteration

𝑥𝑛+1 = 𝑥𝑛 − 𝑓 ′(𝑥𝑛)
𝑓″(𝑥𝑛)

,

which is precisely gradient descent with the “learning rate” 𝛼 = 1
𝑓″(𝑥𝑛) adapted at each

step. This explains why Newton’s method for optimisation converges quadratically while
gradient descent with a fixed learning rate only converges linearly.

6.2. Multivariable Optimisation

Now let us look at multi-variable optimisation.

Example 6.1. Here is a two-variable example: Find the minimum of the function

𝑓(𝑥, 𝑦) = sin(𝑥) exp (−√𝑥2 + 𝑦2)
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Figure 6.5.: Graph of the function sin(𝑥) exp (−√𝑥2 + 𝑦2).
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6. Optimisation

Finding the minima of multi-variable functions is a bit more complicated than finding the
minima of single-variable functions. The reason is that there are many more directions in
which to move. But the basic intuition that we want to move downhill to move towards
a minimum of course still works. The gradient descent method is still a good choice
for finding the minimum of a multi-variable function. The only difference is that the
gradient is now a vector and the step is in the direction of the negative gradient.

Exercise 6.13. In your group, answer each of the following questions to remind yourselves
of multivariable calculus.

1. What is a partial derivative (explain geometrically). For the function 𝑓(𝑥, 𝑦) =
sin(𝑥) exp (−√𝑥2 + 𝑦2) what is 𝜕𝑓

𝜕𝑥 and what is 𝜕𝑓
𝜕𝑦? (When writing the answer

you need to specify the value of the partial derivatives at (𝑥, 𝑦) = (0, 0) separately.)

2. What is the gradient of a function? What does it tell us physically or geometrically?
If 𝑓(𝑥, 𝑦) = sin(𝑥) exp (−√𝑥2 + 𝑦2) then what is ∇𝑓?

But we could have a lot more than two variables 𝑥 and 𝑦. If we have many variables,
we quickly run out of letters. So we change notation a bit and call our variables
𝑥0, 𝑥1,… , 𝑥𝑘−1. We want to find the minimum of a function 𝑓(𝑥0, 𝑥1,… , 𝑥𝑘−1). Such
higher-dimensional problems are very common and the dimension 𝑘 can be very large
in practical problems. A good example is the loss function of a neural network which
is a function of the weights and biases of the network. In a large language model the
loss function is a function of many billions of variables and the training of the model is a
large optimisation problem.

Note that when we write 𝑓(𝑥0, 𝑥1,… , 𝑥𝑘−1), the indices on the 𝑥 distinguish the different
variables. Do not confuse that with our use of the index in Chapter 5 for the grid points
when discretising a single variable.

We can now combine all the arguments into a vector 𝑥 = (𝑥0, 𝑥1,… , 𝑥𝑘−1).

Example 6.2. For the function 𝑓(𝑥, 𝑦) = sin(𝑥) exp (−√𝑥2 + 𝑦2) here is a Python
function that takes a NumPy array with two elements with values for 𝑥 and 𝑦 as input
and return a NumPy array with two elements with the values of the gradient.

6.2.1. Gradient Descent Algorithm

We want to find the minimum of a multivariate function 𝑓(𝑥) = 𝑓(𝑥0, 𝑥1,… , 𝑥𝑘−1). We
proceed as follows:
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6.2. Multivariable Optimisation

1. Choose an arbitrary starting point 𝑥0 = (𝑥0, 𝑥1,… , 𝑥𝑘−1). Note the potential
notational confusion. The index on 𝑥 is the iteration number, not to be confused
with the indices of the components of the vector.

2. Use this iteration equation to calculate a new guess for the optimal value:

𝑥𝑛+1 = 𝑥𝑛 − 𝛼∇𝑓(𝑥𝑛).

This iteration equation says to follow the negative gradient a certain distance from
your present point (why are we doing this). Note that choosing the value of 𝛼 is
up to you, so experiment with a few values.

3. Repeat the iterative process in step 2 until two successive points are close enough
to each other, in the sense that their Euclidean distance is smaller than a given
tolerance tol.

|𝑥𝑛+1 − 𝑥𝑛| = √
𝑘−1
∑
𝑖=0

(𝑥𝑛+1,𝑖 − 𝑥𝑛,𝑖)2 < tol

Exercise 6.14. � � Write code to implement the gradient descent algorithm for a function
𝑓(𝑥).

def gradient_descent(df, x0, alpha, tol=1e-12, max_iter=1000):
"""
Finds an approximation of a local minimum of a multivariate function using
gradient descent.

Parameters:
df (function): A function that returns the gradient of the function to

minimise. It should take a NumPy array with k elements
as input and return a NumPy array with k elements
representing the gradient.

x0 (NumPy array): The initial guess for the minimum
(a NumPy array with k elements).

alpha (float): The learning rate (step size multiplier).
tol (float): Tolerance for convergence

(stops when the magnitude of the step is below this).
max_iter (int): Maximum number of iterations.

Returns:
NumPy array: The approximated minimum point

(a NumPy array with k elements).
"""

# Here comes your code.
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6. Optimisation

You can build on your code for the single-variable gradient descent from Exercise 6.9.
To calculate the Euclidean distance between two points 𝑥 and 𝑦 you can use
np.linalg.norm(x-y).

Use your function to find the minimum of the function

𝑓(𝑥, 𝑦) = sin(𝑥) exp (−√𝑥2 + 𝑦2) .

with a starting point (𝑥0, 𝑦0) = (−1, 1), a learning rate of 1 and a tolerance of 10−6. You
can use your gradient function from Example 6.2.

Exercise 6.15. � � The gradient descent method works well for some functions but
struggles with others. In this exercise you will explore two functions that gradient descent
struggles with.

1. Modify your gradient_descent function from Exercise 6.14 to create a new function
gradient_descent_path that returns the list of all iterates, not just the final one.

2. Consider the function
𝑓(𝑥, 𝑦) = 𝑥2 + 100𝑦2.

This function has a clear minimum at the origin but is much steeper in the 𝑦
direction than in the 𝑥 direction. Try the starting point (𝑥0, 𝑦0) = (1, 1) and
experiment with different learning rates. The code below will get you started. Can
you find a learning rate that gives fast convergence in both variables simultaneously?

3. Use the plot_path() function defined below to make a plot of the function and
the path of the gradient descent iterates on top of it. Discuss with your group why
gradient descent struggles with this function. Discuss why having very different
curvatures along different directions makes gradient descent inefficient.

4. In the previous example one could avoid the problem by simply rescaling the 𝑦
variable. However, for some functions this is not possible. Consider Rosenbrock’s
banana function:

𝑓(𝑥, 𝑦) = (1 − 𝑥)2 + 100(𝑦 − 𝑥2)2.

Choose a starting point (𝑥0, 𝑦0) = (−1, 1). The code below sets this up for you.
The global minimum is at (1, 1) where 𝑓(1, 1) = 0. Try several different learning
rates. You will find that small learning rates lead to extremely slow convergence
and large learning rates lead to divergence. Can you find a learning rate that
converges in a reasonable number of iterations?
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To use the gradient descent algorithm one needs to first work out the gradient function.
Doing this by hand can be annoying when the function is very complicated. A good
alternative then is to use automatic differentiation as described in ?@sec-autodiff.

Of course there are many other methods for finding the minimum of a multi-variable
function. An important method that does not need the gradient of the function is the
Nelder-Mead method. This method is a direct search method that only needs the function
values at the points it is evaluating. The method is very robust and is often used when
the gradient of the function is too difficult to calculate. There are also clever variants of
the gradient descent method that are more efficient than the basic method. The Adam
and RMSprop algorithms are two such methods that are used in machine learning. This
subject is a large and active area of research and we will not go into more detail here.

6.3. Optimisation with SciPy

You have already seen that there are many tools built into the NumPy and SciPy libraries
that will do some of our basic numerical computations. The same is true for numerical
optimisation problems. Keep in mind throughout the remainder of this section that the
whole topic of numerical optimisation is still an active area of research and there is much
more to the story than what we will see here. However, the Python tools provided by
scipy.optimize are highly optimised and tend to work quite well.

Exercise 6.16. Let us solve a very simple function minimization problem to get
started. Consider the function 𝑓(𝑥) = (𝑥 − 3)2 − 5. A moment’s thought reveals
that the global minimum of this parabolic function occurs at (3,−5). We can have
scipy.optimize.minimize() find this value for us numerically. The routine is much like
Newton’s Method in that we give it a starting point near where we think the optimum
will be and it will iterate through some algorithm (like a derivative free optimisation
routine) to approximate the minimum.

import numpy as np
from scipy.optimize import minimize

# Find minimum of a 1D function
f = lambda x: (x-3)**2 - 5
minimize(f, 2)

# Find minimum of a 2D function
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f = lambda x: np.sin(x[0]) * np.exp(-np.sqrt(x[0]**2 + x[1]**2))
x0 = np.array([0,0])
minimize(f, x0)

1. Spend some time playing around with the minimize command to minimise more
challenging functions.

2. Consult the help page and explain what all of the output information is from the
minimize() command.

6.4. Machine Learning

A very important application of optimisation is in machine learning, where one wants to
learn from data. Of course we won’t go into the details of machine learning here, it is a
huge topic. We will just introduce a very simple learning task:

If we have some data points and a reasonable guess for the type of function fitting the
points, how would we determine the actual function?

You may recognize this as the basic question of non-linear regression from statistics. But
it captures the basic idea behind supervised learning.

What we will do here is pose this machine learning problem as an optimisation problem.
Then we will use the tools that we have built so far to solve the optimisation problem.

Exercise 6.17. � � Consider the function 𝑓(𝑥) that goes exactly through the points (0, 2),
(1, 4), and (2, 12).

1. Find a function that goes through these points exactly. Be able to defend your
work.

2. Is your function unique? That is to say, is there another function out there that
also goes exactly through these points?
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Exercise 6.18. � � Now let us make a minor tweak to the previous exercise. Let us say
that we have the data points (0, 2.37), (1, 4.14), (2, 12.22), and (3, 23.68). Notice that
these points are close to the points we had in the previous exercise, but all of the 𝑦
values have a little noise in them and we have added a fourth point. If we suspect that
a function 𝑓(𝑥) that best fits this data is quadratic then 𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 for some
constants 𝑎, 𝑏, and 𝑐.

2. Work with your group to choose 𝑎, 𝑏, and 𝑐 so that you get a good visual match to
the data. The Python code below will help you get started.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0

5

10

15

20

Data
Guess

Figure 6.6.: Initial attempt at matching data with a quadratic.

Exercise 6.19. � � Now let us be a bit more systematic about things from the previous
exercise. Let us say that you have a pretty good guess that 𝑏 ≈ 2 and 𝑐 ≈ 0.7. We need
to get a good estimate for 𝑎.

1. Pick an arbitrary starting value for 𝑎 then for each of the four points find the error
between the predicted 𝑦 value and the actual 𝑦 value. These errors are called the
residuals.

2. Square all four of your errors and add them up. (Pause, ponder, and discuss: why
are we squaring the errors before we sum them?)

3. Now change your value of 𝑎 to several different values and record the sum of the
square errors for each of your values of 𝑎.
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4. Make a plot with the value of 𝑎 on the horizontal axis and the value of the sum of
the square errors on the vertical axis. Use your plot to defend the optimal choice
for 𝑎.

Clearly the above is calling for some Python code to automate this exploration. Write a
loop that tries many values of 𝑎 in very small increments and calculates the sum of the
squared errors. The following partial Python code should help you get started. In the
resulting plot you should see a clear local minimum. What does that minimum tell you
about solving this problem?

import numpy as np
import matplotlib.pyplot as plt
xdata = np.array([0, 1, 2, 3])
ydata = np.array([2.37, 4.14, 12.22, 23.68])
b = 2
c = 0.75
A = # give a numpy array of values for a
SumSqRes = [] # this is storage for the sum of the sq. residuals
for a in A:
guess = a*xdata**2 + b*xdata + c
residuals = # write code to calculate the residuals
SumSqRes.append( ??? ) # calculate the sum of the squ. residuals

plt.plot(A, SumSqRes)
plt.grid()
plt.xlabel('Value of a')
plt.ylabel('Sum of squared residuals')
plt.show()

Now let us formalize the process that we have described in the previous exercises.

Least Squares Regression

Let
𝑆 = {(𝑥0, 𝑦0), (𝑥1, 𝑦1), … , (𝑥𝑛, 𝑦𝑛)} (6.6)

be a set of 𝑛 + 1 ordered pairs in ℝ2. If we guess that a function 𝑓(𝑥) is a best choice to
fit the data and if 𝑓(𝑥) depends on parameters 𝑎0, 𝑎𝑛,… , 𝑎𝑛 then

1. Pick initial values for the parameters 𝑎0, 𝑎1,… , 𝑎𝑛 so that the function 𝑓(𝑥) looks
like it is close to the data (this is strictly a visual step …take care that it may take
some playing around to guess the initial values of the parameters)
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2. Calculate the square error between the data point and the prediction from the
function 𝑓(𝑥)

error for the point 𝑥𝑖: 𝑒𝑖 = (𝑦𝑖 − 𝑓(𝑥𝑖))
2 . (6.7)

Note that squaring the error has the advantages of removing the sign, accentuating
errors larger than 1, and decreasing errors that are less than 1.

3. As a measure of the total error between the function and the data, sum the squared
errors

sum of square errors =
𝑛

∑
𝑖=1

(𝑦𝑖 − 𝑓(𝑥𝑖))
2 =∶ 𝐿(𝑎). (6.8)

This function 𝐿(𝑎) is called the loss function.

4. Change the parameters 𝑎0, 𝑎1,… so as to minimise the loss function 𝐿(𝑎).

Exercise 6.20. � � The last step above is a bit vague. That was purposeful since
there are many techniques that could be used to minimise the sum of the square errors.
However, if we just think about the sum of the squared residuals as a function then we
can apply scipy.optimize.minimize() to that function in order to return the values
of the parameters that best minimise the sum of the squared residuals. The following
blocks of Python code implement the idea in a very streamlined way. Go through the
code and comment each line to describe exactly what it does.

import numpy as np
import matplotlib.pyplot as plt
from scipy.optimize import minimize
xdata = np.array([0, 1, 2, 3])
ydata = np.array([2.37, 4.14, 12.22, 23.68])

def SSRes(parameters):
# In the next line of code we want to build our
# quadratic approximation y = ax^2 + bx + c
# We are sending in a list of parameters so
# a = parameters[0], b = parameters[1], and c = parameters[2]
yapprox = parameters[0]*xdata**2 + \

parameters[1]*xdata + \
parameters[2]

residuals = np.abs(ydata-yapprox)
return np.sum(residuals**2)

BestParameters = minimize(SSRes,[1,1,1])
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print("The best values of a, b, and c are: \n",BestParameters.x)
# If you want to print the diagnositc then use the line below:
# print("The minimization diagnostics are: \n",BestParameters)

plt.plot(xdata,ydata,'bo')
x = np.linspace(0,4,100)
y = BestParameters.x[0]*x**2 + \

BestParameters.x[1]*x + \
BestParameters.x[2]

plt.plot(x,y,'r--')
plt.grid()
plt.xlabel('x')
plt.ylabel('y')
plt.title('Best Fit Quadratic')
plt.show()

Exercise 6.21. � Now I’ll let you in on a little secret: the data that you have fitted the
quadratic function to above was not real data. I created it with the following script.

[0. 1. 2. 3.]
[ 2.37 4.14 12.22 23.68]

Such fake data that is generated from a know function with known distribution of the
error is referred to as “synthetic data” and is very useful for testing parameter fitting
methods.

You will notice that the parameters that we estimated with the Least Squares method are
not at all the same as the parameters that I used to generate the data. This is because
we had only 4 noisy data points to estimate 3 parameters.

Adjust the above script so that it generates 100 values for 𝑥 between 0 and 3 and
corresponding noisy 𝑦 values. Then try to estimate the parameters of the quadratic
function that generated the data. Does the estimate get closer to the original parameter
values?

Least squares fitting to data is of course just a very simple example of machine learning.
But much of machine learning is based on the same idea:
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1. Choose a family of functions 𝑓(𝑥) that you think might be able to describe the
data. Often this is a deep neural network as introduced in Section 2.4, sometimes
with billions of parameters.

2. Choose a loss function that measures how well your function 𝑓(𝑥) describes the
data. The sum of squared residuals is a common choice.

3. Implement a fast way to calculate the gradient of the loss function with respect
to the parameters of 𝑓(𝑥). This often done with automatic differentiation, intro-
duced in ?@sec-autodiff. In the case of deep neural networks this is known as
backpropagation.

4. Use a gradient descent algorithm to find the parameters of 𝑓(𝑥) that minimise the
loss function. This usually a stochastic gradient descent, where one uses random
subsets of the data to calculate the gradient of the loss function.

This is a large and active area of research and we will not go into more detail here.

6.5. Algorithm Summaries

Exercise 6.22. � Explain in clear language how the Golden Section Search method
works.

Exercise 6.23. � Explain in clear language how the Gradient Descent method works.

Exercise 6.24. � Explain in clear language how you use the method of Least Squares to
fit a function to data.
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6.6. Exam-Style Question

(a) Briefly explain the logic behind the Golden Section Search method for finding a
local minimum of a continuous function 𝑓(𝑥). What is the necessary condition for a
triplet of points (𝑎, 𝑐, 𝑏) with 𝑎 < 𝑐 < 𝑏 to guarantee that a minimum exists within
the interval [𝑎, 𝑏]? [3 marks]

(b) When using the Gradient Descent method to find the minimum of a single-variable
function 𝑓(𝑥), the iteration formula is 𝑥𝑛+1 = 𝑥𝑛 − 𝛼𝑓 ′(𝑥𝑛). Explain the role of
the parameter 𝛼 (the learning rate). What happens if 𝛼 is chosen to be too large,
and what happens if 𝛼 is chosen to be too small? [3 marks]

(c) Consider finding the minimum of a multi-variable function 𝑓(𝑥, 𝑦). Write down
the iteration formula for the Gradient Descent method in this case. Explain
geometrically why moving in the direction of the negative gradient is an effective
strategy for finding a minimum point. [3 marks]

(d) The following incomplete Python code implements the Gradient Descent method
for a single-variable function. Provide the missing code indicated by .... Assume
df is the derivative function, x0 is the starting guess, alpha is 𝛼, and tol is the
tolerance for stopping when the gradient is sufficiently close to zero. [2 marks]

def gradient_descent_1d(df, x0, alpha, tol=1e-12, max_iter=10000):
x = x0
for i in range(max_iter):

grad = ...
if abs(grad) < tol:

return x
x = ...

return x
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