5. Calculus

The calculus was the first achievement of modern mathematics and it is
difficult to overestimate its importance.
—Hungarian-American Mathematician John von Neumann

5.1. Intro to Numerical Calculus

In this chapter we build some of the common techniques for approximating the two
primary computations in calculus: taking derivatives and evaluating definite integrals.
The primary goal of this chapter is to build a solid understanding of the basic techniques
for numerical differentiation and integration. These will be crucial in the later chapters
of this book when we numerically integrate ordinary and partial differential equations.

Recall the typical techniques from differential calculus: the power rule, the chain rule,
the product rule, the quotient rule, the differentiation rules for exponentials, inverses,
and trig functions, implicit differentiation, etc. With these rules, and enough time and
patience, we can find a derivative of any algebraically defined function. The truth of the
matter is that not all functions are given to us algebraically, and even the ones that are
given algebraically are sometimes really cumbersome.

Exercise 5.1. When a police officer fires a radar gun at a moving car it uses a laser to
measure the distance from the officer to the car:

e The speed of light is constant.

e The time between when the laser is fired and when the light reflected off of the car
is received can be measured very accurately.

e Using the formula distance = rate - time, the time for the laser pulse to be sent and
received can then be converted to a distance.

How does the radar gun then use that information to calculate the speed of the moving
car?
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Integration, on the other hand, is a more difficult situation. You may recall some of the
techniques of integral calculus such as the power rule, u-substitution, and integration
by parts. However, these tools are not enough to find an antiderviative for every given
function. Furthermore, not every function can be written algebraically.

Exercise 5.2. In statistics the function known as the normal distribution (the bell
curve) is defined as

One of the primary computations of introductory statistics is to find the area under a
portion of this curve since this area gives the probability of some event

b
1 >
Pla<z<b) = / Fe*“’ P2dz.
A T

The trouble is that there is no known antiderivative of this function. Propose a method
for approximating this area.

Exercise 5.3. A dam operator has control of the rate at which water is flowing out
of a hydroelectric dam. He has records for the approximate flow rate through the dam
over the course of a day. Propose a way for the operator to use his data to determine the
total amount of water that has passed through the dam during that day.

What you have seen here are just a few examples of why you might need to use numerical
calculus instead of the classical routines that you learned earlier in your mathematical
career. Another typical need for numerical derivatives and integrals arises when we
approximate the solutions to differential equations later in the module.

Throughout this chapter we will make heavy use of Taylor’s Theorem to build approxi-
mations of derivatives and integrals. This has become a recurring scheme in this module:
Taylor’s Theorem is your all-purpose approximation tool. It suggests the approximation
methods and it allows you to understand the error that comes with the approximation.
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5.2. Differentiation with Finite Differences
5.2. Differentiation with Finite Differences

5.2.1. The First Derivative

Exercise 5.4. Recall from your first-semester Calculus class that the derivative of a
function f(z) is defined as

Ax—0 Ax

A Calculus student proposes that it would just be much easier if we dropped the limit
and instead just always choose Ax to be some small number, like 0.001 or 1075, Discuss
the following questions:

1. When might the Calculus student’s proposal actually work pretty well in place of
calculating an actual derivative?

2. When might the Calculus student’s proposal fail in terms of approximating the
derivative?

In this section we will build several approximation of first and second derivatives. The
primary idea for each of these approximations is:

o Partition the interval [a, ] into N sub intervals
o Define the distance between two points in the partition as Ax.

o Approximate the derivative at any point z in the interval [a,b] by using linear
combinations of f(x — Ax), f(x), f(x + Ax), and/or other points in the partition.

Partitioning the interval into discrete points turns the continuous problem of finding
a derivative at every real point in [a, b] into a discrete problem where we calculate the
approximate derivative at finitely many points in [a, b].

This distance Az between neighbouring points in the partition is often referred to as the
step size. It is also common to denote the step size by the letter h. We will use both
notations for the step size interchangeably, using mostly & in this section on differentiation
and Az in the next section on integration. Note that in general the points in the partition
do not need to be equally spaced, but that is the simplest place to start. Figure 5.1 shows
a depiction of the partition as well as making clear that h is the separation between each
of the points in the partition.
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5. Calculus

Figure 5.1.: A partition of the interval [a, b].

Exercise 5.5. Let us take a close look at partitions before moving on to more details
about numerical differentiation.

1. If we partition the interval [0, 1] into 3 equal sub intervals each with length A then:

a. h=
b. [0,1] = [0, Jul__, JUl__ 1]
c. There are four total points that define the partition. They are 0, , 1.

2. If we partition the interval [3,7] into 5 equal sub intervals each with length h then:

a. h=
b 37 =0B__Jul__,__Jul_,__Jul_,_Ju[__.7]
c. There are 6 total points that define the partition. They are 0, , , , 7.

3. More generally, if a closed interval [a, b] contains N equal sub intervals where

[a,b] = [a,a+ h]U[a+ h,a+2h]U---U[b—2h,b—h|U[b— h,Db]

N total sub intervals

then the length of each sub interval, h, is given by the formula

h=— —.

Exercise 5.6. In Python’s numpy library there is a nice tool called np.linspace()
that partitions an interval in exactly the way that we want. The command takes the form
np.linspace(a, b, n) where the interval is [a, b] and n the number of points used to
create the partition. For example, np.linspace(0,1,5) will produce the list of numbers
0, 0.25, 0.5, 0.75, 1. Notice that there are 5 total points, the first point is a, the
last point is b, and there are 4 total sub intervals in the partition. Hence, if we want to
partition the interval [0, 1] into 20 equal sub intervals then we would use the command
np.linspace(0,1,21) which would result in a list of numbers starting with 0, 0.05,
0.1, 0.15, etc. What command would you use to partition the interval [5,10] into 100
equal sub intervals?
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5.2. Differentiation with Finite Differences

Exercise 5.7. Consider the Python command np.linspace(0,1,50).

1. What interval does this command partition?
2. How many points are going to be returned?
3. How many equal length subintervals will we have in the resulting partition?

4. What is the length of each of the subintervals in the resulting partition?

Now let us get back to the discussion of numerical differentiation. If we recall that the
definition of the first derivative of a function is

df(w) _ . fa+h) = f@)
dr RS0 h '

our first approximation for the first derivative is naturally

df@) _ e +h) — f(@)
dx h

In this approximation of the derivative we have simply removed the limit and instead
approximated the derivative as the slope. It should be clear that this approximation is
only good if the step size h is small. In Figure 5.2 we see a graphical depiction of what
we are doing to approximate the derivative. The slope of the tangent line (Ay/Ax) is
what we are after, and a way to approximate it is to calculate the slope of the secant line
formed by looking h units forward from the point x.

While this is the simplest and most obvious approximation for the first derivative there
is a much more elegant technique, using Taylor series, for arriving at this approximation.
Furthermore, the Taylor series technique gives us information about the approximation
error and later will suggest an infinite family of other techniques.
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5. Calculus

Forward Difference Approximation

— fix)

— Tangent Line
= Ay = Forward Secant Line

x-2h *-h X xw'L h x+|2 h

Figure 5.2.: The forward difference differentiation scheme for the first derivative.

98



5.2. Differentiation with Finite Differences

5.2.2. Truncation Error

Exercise 5.8. From Taylor’s Theorem we know that for an infinitely differentiable
function f(x),

f'(x0)
1!

[ (@)
2!

f(g) (zo)
3!

f(@) = f(zg) + (z — )" + (z —x0)* + (x =) 4+
What do we get if we replace every “z” in the Taylor Series with “z + h” and replace
every “x,” in the Taylor Series with “x?” In other words, in Figure 5.1 we want to centre

the Taylor series at x and evaluate the resulting series at the point x + h.

flo+h) =

Exercise 5.9. Solve the result from the previous exercise for f’(z) to create an
approximation for f’(z) using f(x + h), f(x), and some higher order terms. (fill in the
blanks and the question marks)

777
f/(l‘):f<x+gr3 .

Exercise 5.10. In the formula that you developed in Exercise 5.9, if we were to
truncate after the first fraction and drop everything else (called the remainder), we know
that we would be introducing a truncation error into our derivative computation. If h is
taken to be very small then the first term in the remainder is the largest and everything
else in the remainder can be ignored (since all subsequent terms should be extremely
small ... pause and ponder this fact). Therefore, the amount of error we make in the
derivative computation by dropping the remainder depends on the power of h in that
first term in the remainder.

What is the power of h in the first term of the remainder from Exercise 5.97

Definition 5.1 (Order of a Numerical Differentiation Scheme). The order of a numerical
derivative is the power of the step size in the first term of the remainder of the rearranged
Taylor Series. For example, a first order method will have “A'” in the first term of the
remainder. A second order method will have “h2” in the first term of the remainder. Etc.

For sufficiently small step size h, the error that you make by truncating the series is
dominated by the first term in the remainder, which is proportional to the power of h
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5. Calculus

in that term. Hence, the order of a numerical differentiation scheme tells you how the
error you are making by using the approximation scheme decreases as you decrease the
step-size h.

Definition 5.2. (Big O Notation) We say that the error in a differentiation scheme is
O(h) (read: “big O of h”), if and only if there is a positive constant M such that

|Error| < M - h

when h is sufficiently small. This is equivalent to saying that a differentiation method is
“first order.”

More generally, we say that the error in a differentiation scheme is O(h¥) (read: “big O
of hk”) if and only if there is a positive constant M such that

|Error| < M - hF.

when h is sufficiently small. This is equivalent to saying that a differentiation scheme is
“kth order.”

Theorem 5.1. The approzimation you derived in FExercise 5.9 gives a first order
approximation of the first derivative:

flz+h)— f(x)

fix) = ; +0O(h).

This is called the forward difference approximation of the first derivative.

Exercise 5.11.  Consider the function f(z) = sin(x)(1 — x). The goal of this exercise
is to make sense of the discussion of the “order” of the derivative approximation.

a. Find f’(x) analytically.

b. Use your answer to part (a) to verify that f'(1) = —sin(1) ~ —0.8414709848.
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5.2. Differentiation with Finite Differences

c¢. To approximate the first derivative at x = 1 numerically with the forward-difference
approximation formula from Theorem 5.1 we calculate

We want to see how the error in the approximation behaves as h is made smaller
and smaller. The table below shows the approximation and the absolute error for
h = 27! and h = 272. It also shows the error reduction factor, which is the ratio of
two successive absolute errors. Extend the table to include h = 273 up to h = 2719,
Start with the code given below but use a loop to create the 10 rows.

h | Af(1) | 1£'(1) - Af(1)| | Error reduction factor
2°-1 = 0.5 | -0.997494986604054 | 0.156024001796158 |
2°-2 = 0.25 | -0.948984619355586 | 0.107513634547690 | 1.451202002913877

d. Use the following function to plot the absolute error as a function of h.

Here is an example of how to use the function:

Absolute Error vs. h

*
1071 5 *
*
o *
o
E *
Q -2
51073 *
5
4 *
<
*
1073 - *
] *
103 1072 101
h

e. Discuss the pattern in how the absolute error changes as h is changed? What
does the log-log plot tell you? How does this agree with what the table tells you?
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5. Calculus

f. There was nothing really special in part (c) about powers of 2. Modify your code
to build similar tables and plots for the following sequences of h:

h=3"13233 ..
h=51 572573 ..
h=10"1,1072 1073, ....

Do you see any anomalies that could be caused by rounding errors?

g. Create the table and the plot for several different choices of the function f and the
point x at which you compute the derivative. Does the pattern you observe in part
(e) continue to hold?

h.  What does your answer to part (e) have to do with the approximation order of
the numerical derivative method that you used?

Exercise 5.12. Explain the phrase: The forward difference approximation f'(x) ~

M is first order.

5.2.3. Efficient Coding

Now that we have a handle on how the forward-difference approximation scheme for
the first derivative works and how the error depends on the step size, let us build some
code that will take in a function and output the approximate first derivative on an entire
interval instead of just at a single point.

Exercise 5.13.  We want to build a Python function that accepts:

e a mathematical function,
e the bounds of an interval,

¢ and the number of subintervals.

The function will return the forward-difference approximation of the first derivative at
every point in the interval except at the right-hand side. For example, we could send
the function f(x) = sin(z), the interval [0, 2], and tell it to split the interval into 100
subintervals. We would then get back an approximate value of the derivative f’'(x) at all
of the points except at x = 27.
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5.2. Differentiation with Finite Differences

1. First of all, why can we not compute the forward-difference approximation of the
derivative at the last point?

2. Next, fill in the blanks in the partially complete code below and update the
comments to say what each line does.

import numpy as np
import matplotlib.pyplot as plt
def ForwardDiff(f,a,b,N):
x = np.linspace(a,b,N+1) # What does this line of code do?
# What's up with the N+1 in the previous line?
h = x[1] - x[0] # What does this line of code do?
df = [] # What does this line of code do?
for j in np.arange(len(x)-1): # What does this line of code do?
# What's up with the -1 in the definition of the loop?

Now we want to build the approximation
(f(x+h) - £(x)) / h.
Obviously "x+h" is just the next item in the list of
x values so when we do f(x+h) mathematically we should
write f(x[j+1]) in Python (explain this).
Fill in the question marks below
df .append ((£(??7?) - £(??7)) / h )
return df

H OH HF H H H

3. Now we want to call upon this function to build the first order approximation of
the first derivative for some function. We will use the function f(x) = sin(z) on
the interval [0, 27] with 100 sub intervals (since we know what the answer should
be). Complete the code below to call upon your ForwardDiff () function and to
plot f(x), f'(x), and the approximation of f’(x).

f = lambda x: np.sin(x)

exact_df = lambda x: np.cos(x)
?e?

= 777

100 # What is this?
np.linspace(a,b,N+1)

What does the previous line do?
What's up with the N+17

# H M = O
I

df = ForwardDiff(f,a,b,N) # What does this line do?

# In the next line we plot three curves:
# 1) the function f(x)
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5. Calculus

# 2) the function f'(x)
# 3) the approximation of f'(x)
# However, we do something funny with the x in the last plot. Why?
plt.plot(x,f(x),'b',x,exact_df(x),'r--',x[0:-1], df, 'k-.")
plt.grid()
plt.legend(['f(x) = sin(x)',
'exact first deriv',
'approx first deriv'])
plt.show()

4. Implement your completed code and then test it in several ways:

a. Test your code on functions where you know the derivative. Be sure that you
get the plots that you expect.

b. Test your code with a very large number of sub intervals, N. What do you
observe?

c. Test your code with small number of sub intervals, N. What do you observe?

Exercise 5.14. Now let us build the first derivative function in a much smarter way —
using NumPy arrays in Python. Instead of looping over all of the x values, we can take
advantage of the fact that NumPy operations can act on all the elements of an array at
once and hence we can do all of the function evaluations and all the subtractions and
divisions at once without a loop.

1. The line of code x = np.linspace(a,b,N+1) builds a numpy vector of N + 1
values of x starting at a and ending at b. Then y = £(x) builds a vector with the
function values at all the elements in x. In the following questions remember that
Python indexes all lists starting at 0. Also remember that you can call on the last
element of a list using an index of -1. Finally, remember that if you do x[p:q] in
Python you will get a list of x values starting at index p and ending at index g-1.

1. What will we get if we evaluate the code y[1:]7
2. What will we get if we evaluate the code y[:-1]7
3. What will we get if we evaluate the code y[1:1 - y[:-1]7?

4. What will we get if we evaluate the code (y[1:] - y[:-1]) / h?

2. Use the insight from part (1) to simplify your first order first derivative function to
look like the code below.
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5.2. Differentiation with Finite Differences

def ForwardDiff(f,a,b,N):

X = np.linspace(a,b,N+1)
h = x[1] - x[0]
y = £(x)

df = # your line of code goes here?
return df

3. Test your new function by checking that the plots from the previous exercise still
look the same.

Exercise 5.15. Write code that finds a first order approximation for the first derivative
of f(z) =sin(x)(1 — x) on the interval = € (0,15). Your script should output two plots
(side-by-side).

a. The left-hand plot should show the function in blue and the approximate first
derivative as a red dashed curve. Sample code for this exercise is given below.

import matplotlib.pyplot as plt
import numpy as np

lambda x: np.sin(x) * (1 - x)

0

15

# make this an appropriately sized number of subintervals
np.linspace(a,b,N+1) # what does this line do?

f(x) # what does this line do?

f = ForwardDiff(f,a,b,N) # what does this line do?

f
a
b
N
X
y
d

fig, ax = plt.subplots(1,2) # what does this line do?
ax[0] .plot(x,y,'b',x[0:-1],df,'r--') # what does this line do?
ax[0] .grid()

b. The right-hand plot should show the absolute error between the exact derivative
and the numerical derivative. You should use a logarithmic y axis for this plot.

exact = lambda x: # write a function for the exact derivative
# There is a lot going on the next line of code ... explain it.
ax[1] .semilogy(x[0:-1],abs(exact(x[0:-1]) - df))

ax[1] .grid )

fig
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5. Calculus

C.

You should see a rather spiky plot on the right, where the drops to very low values
at certain x values. Can you explain why the forward difference approximation
is so much more precise at these points? What is special about the shape of the
original function at these points?

Play with the number of sub intervals, IV, and demonstrate the fact that we are
using a first order method to approximate the first derivative.

Exercise 5.16. You have seen in the previous exercise how the error is different at
different . It might be interesting to look at the largest error over the entire interval for
different step sizes.

1.

def
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Find the numerical first derivative with your ForwardDiff function on the interval
[0,15] with a stepsize of h = 0.1.

. Find the absolute difference between your numerical first derivative and the actual

first derivative. This is point-by-point subtraction so you should end up with a
vector containing the errors at each point, just as in the previous exercise. Again
be careful to take into account that the numerical derivative is not available at the
right end point.

. Find the maximum of your errors. If all is well, you should find that the maximum

error is approximately 0.6731791497487658.

. Now we want to see how this maximum error changes as we change the number

of points used. Build a function plot_max_forward_difference_errors that
produces a log-log plot showing the value of h on the horizontal axis and the
maximum error on the vertical axis.

plot_max_forward_difference_errors(f, f_prime, a, b, H):
Plot the maximum absolute error in the forward difference
approximation for the first derivative of f on the interval [a,b]

Parameters:
f (function): Function whose derivative we approximate
f_prime (function): Exact derivative of f
a (float): Left endpoint of interval
b (float): Right endpoint of interval
H (vector): Vector of step sizes h
Returns:
A plot with the stepsizes on the x axis and the
absolute error on the y axis



5.2. Differentiation with Finite Differences

# Your code here

You will need to write a loop that gets the error for many different values of A. You can
build on the code from you plot_forward_difference_errors function. You should

find that the maximum errors again line up approximately on a straight line with a slope
of 1.

5.2.4. A Better First Derivative

Next we will build a more accurate numerical first derivative scheme. The derivation
technique is the same: play a little algebra game with the Taylor series and see if you
can get the first derivative to simplify out. This time we will be hoping to get a second
order method.

Exercise 5.17. Consider again the Taylor series for an infinitely differentiable function

f):

f" (o)
2!

f'(xg)
1!

f(s) ()

1(@) = flawg) + -

(r — o)t +

(x —m4)? + (x — ()3 + .

1. Replace the “z” in the Taylor Series with “x+ h” and replace the “x,” in the Taylor
Series with “a” and simplify.

flx+h)=

2. Now replace the “x” in the Taylor Series with “z — h” and replace the “x,” in the
Taylor Series with “z” and simplify.

fla—h)=

3. Find the difference between f(z + h) and f(x — h) and simplify. Be very careful of
your signs.

fl@+h)—flz—h)=
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5. Calculus

4. Solve for f’(x) in your result from part (3). Fill in the question marks and blanks
below once you have finished simplifying.
77—

fia)=—5—+

5. Use your result from part (4) to verify that

fx) = +0O(h?).

6. Draw a picture similar to Figure 5.2 showing what this scheme is doing graphically.

Exercise 5.18.  Let us return to the function f(z) = sin(z)(1 — ) but this time we
will approximate the first derivative at = 1 using the formula

fA+h)—fA—h)

- = 5£(1).

(1) =

You should already have the first derivative and the exact answer from earlier exercises
(if not, then go get them by hand again).

a. We want to see how the error in the approximation behaves as h is made smaller
and smaller. Adapt your code from Exercise 5.11 to extend the table to include
h=23uptoh=210,

h | £(1) | 1£'(1) - £(1)] | Error reduction fac
2°-1 = 0.5 | -0.738460262604129 | 0.103010722203768 |
2°-2 = 0.25 | -0.815311689689460 | 0.026159295118436 | 3.937824843421275

b. Adapt your code for the plot_forward_difference_errors function to create a
plot_central_difference_errors function and use it to plot the errors for the
sequences of h in part (a).

c¢. Build similar tables for the following sequences of h:
h=31372 33 .

h=>5152 573 ..
h=10"1,10"2,1073, ....

d. Discuss the pattern in how the absolute error changes as h is changed? What
does the log-log plot tell you? How does this agree with what the table tells you?
How does this compare to the error for the forward difference approximation?
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5.2. Differentiation with Finite Differences

e. What does your answer to part (d) have to do with the approximation order of
the numerical derivative method that you used?

Exercise 5.19. Write a Python function CentralDiff(f, a, b, N) that takes a
mathematical function £, the start and end values of an interval [a, b] and the number N
of subintervals to use. It should return a second order numerical approximation to the
first derivative on the interval. This should be a vector with N — 1 entries (why?). You
should try to write this code without using any loops. (Hint: This should really be a
minor modification of your first order first derivative code.) Test the code on functions
where you know the first derivative.

Exercise 5.20. The plot shown in Figure 5.3 shows the maximum absolute error
between the exact first derivative of a function f(x) and a numerical first derivative
approximation scheme. At this point we know two schemes:

oy = 1o = 1)

+O(h)

and

1. Which curve in the plot matches with which method. How do you know?

2. Recreate the plot with a function of your choosing.

5.2.5. The Second Derivative

Now we will search for an approximation of the second derivative. Again, the game will
be the same: experiment with the Taylor series and some algebra with an eye toward
getting the second derivative to pop out cleanly. This time we will do the algebra in such
a way that the first derivative cancels.

From the previous exercises you already have Taylor expansions of the form f(z + h)
and f(x — h). Let us summarize them here since you are going to need them for future
computations.

Flath) = f)+ L@ L8 SO@ 0

1! 2! 3!
/ " (3)
flx—h) = f(z)— fff)m fQ(f)hQ— ! 3!<$)h3+--~.
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5. Calculus

Maximum Absolute Error

Comparing Two First Derivative Approximations

100 —t
—— Approximation Method A
—— Approximation Method B
10—2 4
1074 -
10—6 4
10—8 4

10~4 1073 1072 107! 100
Steps size h

Figure 5.3.: Maximum absolute error between the first derivative and two different ap-

proximations of the first derivative.

Exercise 5.21. The goal of this exercise is to use the Taylor series for f(z + h) and
f(z — h) to arrive at an approximation scheme for the second derivative f”(x).

1. Add the Taylor series for f(x + h) and f(x — h) and combine all like terms. You

110

should notice that several terms cancel.

fl+h)+ flz—h)=

. Solve your answer in part (1) for f”(x).

MM—=2-77477

f”(l’) - hQ

. If we were to drop all of the terms after the fraction on the right-hand side of the

previous result we would be introducing some error into the derivative computation.
What does this tell us about the order of the error for the second derivative
approximation scheme we just built?
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Exercise 5.22.  Again consider the function f(z) = sin(z)(1 — z).

1. Calculate the derivative of this function and calculate the exact value of f”(1).

2. If we calculate the second derivative with the central difference scheme that you
built in the previous exercise using h = 0.5 then we get an absolute error of about
0.044466. Stop now and verify this error calculation.

3. Based on our previous work with the order of the error in a numerical differentiation
scheme, what do you predict the error will be if we calculate f”(1) with A = 0.257
With A = 0.057 With h = 0.0057 Defend your answers.

Exercise 5.23. Write a Python function SecondDiff (f, a, b, N) that takes a
mathematical function £, the start and end values of an interval [a, b] and the number N
of subintervals to use. It should return a second order numerical approximation to the
second derivative on the interval. This should be a vector with N — 1 entries (why?). As
before, you should write your code without using any loops.

Exercise 5.24.  Test your second derivative code on the function f(z) = sin(z)(1—x)
to calculate the second derivative at x = 1 and comparing it to the exact answer you
determined in Exercise 5.22.

Exercise 5.25. You have seen in the previous exercise how the error is different at
different . It might be interesting to look at the largest error over the entire interval for
different step sizes.

1. Find the numerical second derivative with your SecondDiff function on the interval
[0,15] with a stepsize of h = 0.1.

2. Find the absolute difference between your numerical second derivative and the
actual second derivative. This is point-by-point subtraction so you should end up
with a vector containing the errors at each interior point. Again be careful to take
into account that the numerical second derivative is not available at the endpoints.

3. Find the maximum of your errors.
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4.

Now we want to see how this maximum error changes as we change the num-
ber of points used. Build a function plot_max_second_difference_errors that
produces a log-log plot showing the value of A on the horizontal axis and the
maximum error on the vertical axis. You can simply adapt the code from you
plot_max_forward_difference_errors function. You should find that the maxi-
mum errors again line up approximately on a straight line.

Discuss what you see? How do you see the fact that the numerical second derivative
is second order accurate?

The table below summarizes the formulas that we have for derivatives thus far.

Deriva-

tive Formula Error Name

15t Fx) ~ w O(h) Forward
Difference

15t F(x) ~ %}M O(h?) Central
Difference

ond #(z) ~ f($+h)—21;l(2$)+f($—h) O(h?) Central
Difference

Exercise 5.26. Let f(x) be a twice differentiable function. We are interested in the
first and second derivative of the function f at the point x = 1.74. Use what you have
learned in this section to answer the following questions. (For clarity, you can think of
“f” as a different function in each of the following questions ...it does not really matter
exactly what function f is.)

1.

112

Johnny used a numerical first derivative scheme with h = 0.1 to approximate
f/(1.74) and found an absolute error of 3.28. He then used h = 0.01 and found
an absolute error of 0.328. What was the order of the error in his first derivative
scheme? How can you tell?

. Betty used a numerical first derivative scheme with h = 0.2 to approximate f’(1.74)

and found an absolute error of 4.32. She then used A = 0.1 and found an absolute
error of 1.08. What numerical first derivative scheme did she likely use?

. Harry wants to compute f”(1.74) to within 1% using a central difference scheme.

He tries h = 0.25 and gets an absolute percentage error of 3.71%. What h could he
try next so that his absolute percentage error is close to 1%?



5.3. Integration

Exercise 5.27. We said at the start of this section that the spacing of the steps do not
have to be constant. Insteady of a constant step size h we could have variable step sizes
Az, = x;, 1 — x;. However, this complicates the expression for the second derivative. In
this exercise you can check that you fully understood the derivation of the formula for
the second derivative by repeating it for these variable step sizes. So you will need to
start with the Taylor expansions of f(z; ;) = f(z; + Axz;) and f(z, ;) = f(x; — Az;_;)
around x;.

5.3. Integration

Now that we understand how to calculate derivatives, we begin our work on the second
principal computation of calculus: evaluating a definite integral. You will be able to
transfer much of what you did in the previous section, where you investigated the errors
in numerical differentiation, to the investigation of the errors in numerical integration.

Exercise 5.28. Remember that a single-variable definite integral can be interpreted as
the signed area between the curve and the x axis. Consider the shaded area of the region
under the function plotted in Figure 5.4 between x = 0 and = = 2.

1. What rectangle with area 6 gives an upper bound for the area under the curve?
Can you give a better upper bound?

2. Why must the area under the curve be greater than 37
3. Is the area greater than 47 Why/Why not?

4. Work with your group to give an estimate of the area and provide an estimate for
the amount of error that you are making.

In this section we will study three different techniques for approximating the value of a
definite integral: Riemann sums, trapezoidal rule, Simpsons’s rule.
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0.5 1 1.5 2

Figure 5.4.: A sample integration
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5.3. Integration

5.3.1. Riemann Sums

In this subsection we will build our first method for approximating definite integrals.
Recall from Calculus that the definition of the Riemann integral is

b N
/a f(z)dx = Alainlilo]z_; f(z;)Az,

where N is the number of sub intervals on the interval [a,b] and Az is the width
of the intervall. As with differentiation, we can remove the limit and have a decent
approximation of the integral so long as N is large (or equivalently, as long as Az is
small).

b N
/ f(z)dx ~ Zf(xj)A:c.

You are likely familiar with this approximation of the integral from Calculus. The value
of z; can be chosen anywhere within the sub interval and three common choices are to
use the left-aligned, the right-aligned, and the midpoint-aligned endpoints. We see a
depiction of the resulting approximations in Figure 5.5.

4 4 4 1 4 4

— 0
2 0

—> 0
2 0

0

D= =
—
ol -

1

D[
—
Nl

2

NI
O[O0

0

Figure 5.5.: Left-aligned Riemann sum, midpoint-aligned Riemann sum, and right-aligned
Riemann sum

Clearly, the more rectangles we choose the closer the sum of the areas of the rectangles
will get to the integral.

Assuming the boundaries of the N subintervals are given by z,x, ..., 2, these three
choices define the following approximations:

Left Riemann sum:

'In this module we will give all subintervals the same length. This simplifies things but is not necessary.
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Right Riemann sum:

Midpoint Riemann sum:

Exercise 5.29.  Write a Python function RiemannSum(f, a, b, N, method='left')
that approximates an integral with a Riemann sum. Your Python function should accept
a Python Function f, a lower bound a, an upper bound b, the number of subintervals N,
and an optional input method that allows the user to designate whether they want ‘left’,
‘right’, or ‘midpoint’ rectangles. You should write your code without any loops. Test
your code on several functions for which you know the integral.

Exercise 5.30. Consider the function f(x) = sin(x). We know the antiderivative for
this function, F'(z) = —cos(x) + C. In this question we are going to get a sense of the
order of the error when doing Riemann Sum integration.

- /0 ().

b. To approximate the integral numerically using the left Riemann sum we calculate

a. Find the exact value of

=

I~ Y fle))Ax = Ay (Ax),

J

Il
o

We want to see how the error in the approximation behaves as Ax is made smaller
and smaller. The table below shows the approximation and the absolute error for
Az =271 and Az = 272, It also shows the error reduction factor, which is the
ratio of two successive absolute errors. Modify the code to build a similar table for
the sequence

Ar =371 372,33, ..
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Ax
2°-1 = 0.5 I
2°-2 = 0.25 I
2°-3 = 0.125 I
2°-4 = 0.0625 I
2°-5 = 0.03125 I
2°-6 = 0.015625 I
2°-7 = 0.0078125 I
2°-8 = 0.00390625 I
2°-9 = 0.00195312 |
I

27-10 = 0.000976562

¢. Formulate your conjecture for how the error depends on the stepsize.

| A left(Ax)

.239712769302102
.352117064470515
.406507036941228
.433252074936968
.446512299091212
.453114349451463
.456408359951694
.4580563611578663
.458875798989288
.459286783094069

5.3. Integration

[T - A left(Ax)|

O O O O O O O O O o

.219984924829759
.107580629661345
.0563190657190632
.026445619194892
.013185395040648
.006583344680397
.003289334180167
.001644082553197
.000821895142572
.000410911037792

| Error reduction factor

NN NNNNDNDDNDDN

.044837676840644
.022547480016701
.011322056732389
.0056675151435804
.002841364194242
.001421661590999
.000711079726579
.000355602603948
.000177817050855

d. Repeat part (b) to create the tables and answer the questions using the right
Riemann sum and the midpoint Riemann sum instead of the left Riemann sum.
What happens to the error reduction factor in each case?” What do you conjecture
is the order of the three Riemann sum methods? Compare your conjecture with
the other members of your group.

Exercise 5.31.

Use the following function to plot the absolute error as a function of Ax.

Here is an example of how to use the function:

This exercise continues examining the absolute integration errors
from the previous problem, this time with a plot.
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Absolute Error vs. Ax

10—1_2 * Left Sum * *
i @ Right Sum *

+  Midpoint Sum * * *

1072 4

1073 4 * *x X +

S
AT, ] * +
L 1074 3 ¥
=) E
21075 4 *
3 +
< E
1076 +
] +
1077 ‘§ ¥
10-8_:”"' — —
1073 102 1071
AX

Discuss the pattern in how the absolute error changes as Ax is changed. What does the
log-log plot tell you? How does this agree with what the tables you created in the previous
exercise told you? (Again notice the similarity between this exercise and Exercise 5.20
where you created a similar plot for approximating a derivative.

5.3.2. Trapezoidal Rule

Now let us turn our attention to some slightly better algorithms for calculating the value
of a definite integral: The Trapezoidal Rule and Simpson’s Rule. There are many others,
but in practice these two are relatively easy to implement and have reasonably good error
approximations. To motivate the idea of the trapezoidal rule consider Figure 5.6. It is
plain to see that trapezoids will make better approximations than rectangles at least in
this particular case. Another way to think about using trapezoids, however, is to see the
top side of the trapezoid as a secant line connecting two points on the curve. As Ax gets
arbitrarily small, the secant lines become better and better approximations for tangent
lines and are hence arbitrarily good approximations for the curve. For these reasons it
seems like we should investigate how to systematically approximate definite integrals via
trapezoids.
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5.3. Integration

Left Rectangles Right Rectangles Trapezoids

N | N

1 2 3 4 1 2 3 4 1 2 3 4

Figure 5.6.: Motivation for using trapezoids to approximate a definite integral.

Exercise 5.32. Consider a single trapezoid approximating the area under a curve.
From geometry we recall that the area of a trapezoid is

4 @+ 1)

5 (b—a).

The function shown in the Figure 5.7 is f(z) = $2%(5 — z). Find the area of the shaded

/14 (;x2(5 — m)) dz.

Now use the same idea with h = Az = 1 to approximate the area under the function
using three trapezoids, as illustrated in the last panel of Figure 5.6.

region as an approximation to

Exercise 5.33 (Trapezoidal Rule). Now generalise the idea from Exercise D.5 to divide
the interval [a,b] into N subintervals with boundaries {z, = a,x;,Zo,...,xx_1, 2y = b}.
Fill in the missing bits in the equations below. The area of the trapezoid on the subinterval

from x; ; to z; is

A= % [F(222) + £(227)] (227 — 277) .

Then the approximation of the integral is

77

/abf(x)dx Ay A=A

Y

This simplifies to

a 777

b 7?7
/ﬂmM%Zh%HﬂmMJZHWﬁ
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bl. h

1 2 3

Figure 5.7.: A single trapezoid to approximate area under a curve.

120



5.3. Integration

Exercise 5.34.  Write a Python function Trapezoidal (f, a, b, N) that approxi-
mates an integral with the trapezoidal method you derived in the previous exercise. Your
Python function should accept a Python Function £, a lower bound a, an upper bound b
and the number of subintervals N. You should write your code without any loops. Test
your code on several functions for which you know the integral.

Exercise 5.35. You have by now developed and repeatedly used ways to investigate how
the errors for numerical integration and differentiation schemes depend on the stepsize.
It is now up to you to do the same for the trapezoidal rule. The goal is to answer the
question:

If I approximate the integral with a fixed Az and find an absolute error of P,
then what will the absolute error be using a width of Ax/M?

You can either do this with a table as in Exercise D.2 or with a graph as in Exercise D.3.
What is the order of the error for the trapezoidal rule?

5.3.3. Simpsons Rule

The trapezoidal rule does a decent job approximating integrals, but ultimately you are
using linear functions to approximate f(z) and the accuracy may suffer if the step size is
too large or the function too non-linear. You likely notice that the trapezoidal rule will
give an exact answer if you were to integrate a linear or constant function. A potentially
better approach would be to get an integral that evaluates quadratic functions exactly.
We call this method Simpson’s Rule after Thomas Simpson (1710-1761) who, by the way,
was a basket weaver in his day job so he could pay the bills and keep doing math.

Three points are needed to uniquely determine a quadratic function, where two points

were enough to uniquely determine a linear function. So for Simpson’s method we need to

evaluate the function at three points (not two as for the trapezoidal rule). To approximate

the integral a function f(x) on the interval [a,b] we will use the three points (a, f(a)),
a+b

(m, f(m)), and (b, f(b)) where m = %32 is the midpoint of the two boundary points.

We want to find constants A;, A,, and A in terms of a, b, f(a), f(b), and f(m) such
that

b
/ f(@)de = Ay f(a) + Ay f(m) + Ay f()
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is exact for all constant, linear, and quadratic functions. This would guarantee that we
have an exact integration method for all polynomials of order 2 or less but should serve
as a decent approximation if the function is not quadratic.

To make sure that the formula is exact for all constant, linear, and quadratic functions we
can plug in f(z) =1, f(z) = z, and f(z) = 22 into the equation and solve the resulting
linear system of equations for A;, Ay, and Aj.

b
/ ldr =b—a=A; + Ay + Az,

a

b 2 9

2
b 3 3 2
b° — b
/ $2d$: 3 a :A1a2+A2 <a—2’_ ) +A362,
is solved by
b— 4(b — b

Exercise 5.36. At this point we can see that an integral can be approximated as

/abf<:c>dx < (550) (F@+ar (52) +5w)

and the technique will give an exact answer for any polynomial of order 2 or below.

Verify the previous sentence by integrating f(z) =1, f(z) = z and f(x) = 22 by hand
on the interval [0, 1] and using the approximation formula.

To make the punchline of the previous exercises a bit more clear: Using the formula

/ e~ (V50 (@) + 45+ £08)

is the same as fitting a parabola to the three points (a, f(a)), (m, f(m)), and (b, f(b))
and finding the area under the parabola exactly. That is exactly the step up from the
trapezoidal rule and Riemann sums that we were after:

e Riemann sums approximate the function with constant functions,

e the trapezoidal rule uses linear functions, and
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Simpson's Rule (1 Subinterval)

4.5 -

Figure 5.8.: Simpson’s rule approximation with a single parabola.
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e now we have a method for approximating with parabolas.

To improve upon this idea we now examine the problem of partitioning the interval [a, b]
into small pieces and running this process on each piece. This is called Simpson’s Rule
for integration.

as Simpson's Rule (3 Subintervals)

4.0
3.5
3.0

2.5

f(x)

2.0

1.5~

1.0

0.5 A

0-0 I I I I 1
0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5

Figure 5.9.: Simpson’s rule approximation with three parabolas.

Exercise 5.37 (Simpson’s Rule). We divide the interval [a, b] into N subintervals with
boundaries {z(, = a, 2,2y, ..., y_1,Zx = b}. Fill in the missing bits in the equations
below. We approximate the integral on the subinterval from z,; ; to z; by

777 =777

Aj=—— [F(227) 4+ 222£(277) + f(777)].

Then the approximation of the integral is
777

/ab fla)de ~ Y Aj.

?77?
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This can be simplified to

b 777 777
[ e~ [f(a:o) P+ 2 ) 43 F07)

Exercise 5.38.  Write a Python function Simpsons(f, a, b, N) that approximates
an integral with Simpson’s rule that you derived in the previous exercise. Your Python
function should accept a Python Function £, a lower bound a, an upper bound b and the
number of subintervals N. You should write your code without any loops. Test your code
on several functions for which you know the integral.

Exercise 5.39. As in Exercise 5.35, use your favourite method to determine how the
absolute error in Simpson’s rule depends on the step size and hence determine the order
of the error for Simpson’s rule?

Exercise 5.40. Use the integration problem and exact answer

3 2
374 L

/4
/ e3% sin(2x)dx =
b 13 13
and produce a log-log error plot with Az on the horizontal axis and the absolute error
on the vertical axis. Include one graph for each of our integration methods. Fully explain
how the error rates show themselves in your plot.

Thus far we have three numerical approximations for definite integrals: Riemann sums
(with rectangles), the trapezoidal rule, and Simpsons’s rule. There are MANY other
approximations for integrals and we leave the further research to the curious reader.

Further reading: Sections 4.3 to 4.9 of (Burden and Faires 2010).
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5.4. Algorithm Summaries

Exercise 5.41. Starting from Taylor series prove that

flz+h)— f(z)
h

f(x) ~

is a first-order approximation of the first derivative of f(x). Clearly describe what
“first-order approximation” means in this context.

Exercise 5.42. Starting from Taylor series prove that

flx+h)— flx—h)

HOE o

is a second-order approximation of the first derivative of f(z). Clearly describe what
“second-order approximation” means in this context.

Exercise 5.43. Starting from Taylor series prove that

ooy LW =200 4 f2 =D

is a second-order approximation of the second derivative of f(x). Clearly describe what
“second-order approximation” means in this context.

Exercise 5.44. Explain how to approximate the value of a definite integral with Riemann
sums. When will the Riemann sum approximation be exact? Distinguish between left,
right and midpoint Riemann sums. State how the error of these approximations depends
on the step size, i.e., give the order of the error for each of the three Riemann sums.

Exercise 5.45. Explain how to approximate the value of a definite integral with the
trapezoidal rule. When will the trapezoidal rule approximation be exact? What is the
order of the Trapezoidal rule?
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5.5. Truncation Errors

Exercise 5.46. Explain how to approximate the value of a definite integral with
Simpson’s rule. Give the full mathematical details for where Simpson’s rule comes from.
When will the Simpson’s rule approximation be exact? What is the order of Simpson’s
rule?

5.5. Truncation Errors

Many of the approximation methods in Numerical Analysis are based on Taylor series
expansions and then dropping higher-order terms in the series. The error that is introduced
by truncating a Taylor series in this way is called the truncation error. The material
in this section will be covered by lectures. You will not need to have read this section
before the assessment quiz for this week.

Let us recall Taylor’s formula for a function f that is p times differentiable on the interval
between x and x:

f" (o)
2!

f(z) = f(zg) + ' (zo)(x — 7o) +
S ()
(p—1)!

for some £ between x and z,. The error introduced by truncating the series after the
p-th term is thus

+ (z =) +

f7(©)

R, ()] =

We had first discussed this in Chapter 2.

(z —z0)P|.

5.5.1. Truncation Error in Finite-Difference Formulae

In the finite-difference formulae for derivatives that we discussed in Section 5.2, we
approximated the derivative of a function f at a point x by a linear combination of
function values at points close to x. For example, the forward difference formula for the
first derivative is

flz+h)— f(x)

f'(@) ~ -
_ S@) @)+ @) e~ f()
h
= F@) + 1),
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for some £ between x and x + h. We see that the truncation error is proportional to the
stepsize h. We say that the trunction error is of order h and that this forward-difference
approximation is a first-order approximation. This means that in order to halve the size
of the error we need to halve the stepsize.

You can now do a similar analysis for the other finite-difference formulae that we discussed
in Section 5.2.

5.5.2. Truncation Error in Numerical Integration

In numerical integration we approximate the integral of a function f over an interval
[a, b] by splitting the interval into many subintervals. So we introduce a grid of points
r; = x4+ jh for j=0,...,N with ¥y = a and xy = b and h = (b —a)/N and write the

integral as a sum
b N x
/ f(z)dz = Z/ f(z)dx.
a J=1"x; 1

5.5.2.1. Right Riemann Sum

For the right Riemann sum we have

I = / f(a)de ~ / " fla)de = fla)h = A,.

J

The local truncation error is defined as the absolute error made in each subinterval,
divided by the width of the subinterval:

1
T = E‘Ij — Ayl
For the right Riemann sum we have

I, —A; = (f($>_f($g>>dx

/ h2
= f ({])?
for some §; between x,;_; and x;. So the local truncation error is
1|, . h? h,.
T f (fj)? = §’f (fj)\-
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5.5. Truncation Errors

We see that the local truncation error is of order h and that the right Riemann sum is
a first-order approximation. The reason for dividing by A in the definition of the local
truncation error is that the power of h in the local truncation error is the same as in the
global truncation error 7 is obtained by summing over the errors from all subintervals.
For the Riemann sum we have for some & between a and b that

N h2 N h2
T = Z?f/(fﬂ < ZQf/(f)‘

j=1 j=1
N B2 B2

<3| re|- gl
j=1
bh—

= 5 hlf )l

5.5.2.2. Midpoint Riemann Sum

For the midpoint Riemann sum we approximate the function on each subinterval by the
value of the function at the midpoint m; = (z,_; + z;)/2. So we have

Ij:/ ’ f(x)dx%/ ' f(m;)dx = f(m;)h = A;.

J J
For the error we expand f(r) in a Taylor series around the midpoint m,:

Zj

L=a;= [ (@) = fmy) da

T

= [ (sm) 4 7 m) @ m) 5 76—y = S
= f'(m;) /zj (x —m;)dx + %f”(ﬁj) /mj (x — mj)2dx

T Tj1

for some §; between z; ; and x;. Since f;] (x —mj)dr =0 and f;’ (z —my)*de = w2

) J ) 127
we have , s
1 h h
i A =5 (51)12 f (53)24
So the local truncation error is
1,, . kA3 A2
= 1€ 5] = 5 E).

We see that the local truncation error is of order h? and that the midpoint Riemann sum
is a second-order approximation.
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5.5.2.3. Trapezoidal Rule

For the trapezoidal rule we approximate the integral on each subinterval by the area of a
trapezoid:

N | >

(flzj 1)+ flzy)).

To find the truncation error we expand f(x) in a Taylor series around the midpoint
m; = (a:j,1 + xj) /2. From our previous calculation for the midpoint Riemann sum, we
know the exact value of the integral is given up to the second derivative term by:

i ” h3
I, = /gc‘1 f(x)dx ~ f(m;)h + f (m])ﬂ

J

For the trapezoidal approximation A;, we evaluate the Taylor series of f(x) at the
endpoints z; | =m; —h/2 and z; = m,; + h/2:

h h 1 h? h 1 h?
Ay | (P = P+ 507 )" )+ (Flmg) + 77§ + 5.7 " ) |

= 5 st + 17

2 J 774

h3
= f(m;)h + f”(mj)g-
Taking the difference gives the error for the subinterval:
h3 h3
1=y (flmr £ ) = (fompn -+ 57, )

1 3 h?
= 1 m* (55 = 55 ) = =" m) 5

More rigorously, one can show that the exact local error is

1

3
f7(&5)h
for some §; between z,;_; and x;. So the local truncation error is

h2

1 h3 V4 V4
- || = e

12

We see that the local truncation error is of order h? and that the trapezoidal rule is a
second-order approximation.
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5.5. Truncation Errors

5.5.2.4. Simpson’s Rule

For Simpson’s rule we approximate the integral on each subinterval [acjfl,:rj] of width
h using a parabola that passes through the endpoints and the midpoint m; = (ch_l +

xj)/Q: )
A; = 6 (f(wjfl) + 4f(mj) + f(x])) .

To find the truncation error we expand f(x) in a Taylor series around the midpoint m.
Because Simpson’s rule matches polynomials up to order 2 exactly, the lower-order error

terms will cancel out, so we must expand up to the fourth derivative:

/ 1 ” 2 1 " 1 4
f(z) =~ f(m;)+f (mj)(x_mj>+§f (m;)(z—m;) +6f (mj)(x_mj)3+ﬂf( )(mj)<

z—m;)*

Integrating this expansion over the subinterval gives the integral I,. The odd powers of

(z —m;) integrate to zero, leaving:

h5
1920°

L= " fayde ~ flm )b+ £ (m ) 4 p@
=  flalds x flmh+ £ (m;) 5+ 1m)

J

For the Simpson’s approximation A, we evaluate the Taylor series of f (x) at the endpoints

r; g =m;—h/2and x; =m;+h/2:

h4
384

’ h ” h? m h? (4)
flm; £ h/2) = f(m;) £+ f (mj)§+f (mj)gif (mj>z8+f (m;)

Adding these endpoint values gives:

h4

2
flajq) + flag) =~ 2f(my) + fﬂ(mj)hz - f(4>(mj)@-

Substituting this into our expression for A; yields:

A= % [4f(mj> + (f(z;o1) + f(f%))]

2 4
< [asm,) 4 25 m,) 4 7 m 4 7 0m,)
h3 h®
= f(m;)h + f”(mj)ﬂ + f(4)(mj) 1152

Taking the difference I; — A;, we see that the f(m;) and f”(m;) terms cancel out:

7 h3 (4) h5 4 h3 (4)
1y g (flmht £7m 3 £9om) ggs ) = (Fmy o £7om, g + 790
1 1 h®
_ B _
= % (mj)h® <1920 1152) = —f(m;) 355"

h5

j>1152
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More rigorously, one can show that the exact local error is

1
I.— A =———fW(£)R°
;=4 LA

for some §; between x,;_; and x;. So the local truncation error is

h4

h5
" @
) 5380

2880

Tj—h

! ] FDE).

We see that the local truncation error is of order h* and that Simpson’s rule is a
fourth-order approximation.

5.6.

(a)

(d)

(e)

(f)
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Exam-Style Question

Write down the forward difference formula and the central difference formula for
the first derivative of f(x) using a step size h. State the order of accuracy for each
method. [3 marks]

By using the Taylor series expansion for f(z + h) and f(x — h) around the point z,
derive the central difference formula and show that its truncation error is O(h?). [3
marks|

Suppose you use the central difference scheme with a step size h = 0.2 to approxi-
mate f’(2) for some function f, and the absolute error in your approximation is
0.016. If you reduce the step size to h = 0.05, roughly what would you expect the
new absolute error to be? Briefly justify your answer. [2 marks]

Draw a graph that illustrates how the trapezoidal rule approximates a definite
integral. [3 marks]

What will the trapezoidal rule give as an approximation to the integral fo 5(5m+3)dx
when using 5 subintervals? You may use any shortcuts you like to arrive at the
answer. [3 marks]

State the order of accuracy of the trapezoidal rule and explain clearly what this
means for how the approximation error changes when the number of subintervals is

doubled. [3 marks]

The following incomplete Python code computes the approximation of an integral
using the trapezoidal rule on the interval [a,b] with N subintervals. Provide the
missing code indicated by . ... Do not use loops. [3 marks]



5.6. Exam-Style Question

import numpy as np

def trapezoidal(f, a, b, N):

Approximate the integral of f(x) from a to b using the trapezoidal rule.

# Create vector of equally-spaced x values bounding the N subintervals
X = ...

# Calculate width of subintervals
dx = ...

# Create vector of approximate integrals for all subintervals
RS oo

# Return the sum over the subintervals
return ...
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